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Abstract. The paper deals with the classical fiber bundle model with equal load sharing, sometimes referred to as the the Daniels bundle model or the democratic bundle. This model is significant for the strength of quasi-brittle structures and the reliability of many parallel systems.
In the present paper, the authors exploit their own implementation of the recursive formula for the evaluation of the distribution function for fiber bundle strength. The implementation was carried out in the Python high-level programming language using the NumPy (scientific computing with arrays) and mpmath (library for real and complex floating-point arithmetic with arbitrary precision) packages. This implementation enables the calculation of cumulative distribution function values for large numbers (thousands) of fibers in a bundle, including values deep in the left tail of the distribution (probabilities 10 −600 ). This computer program has been used to accurately calculate the distribution functions for bundles with Weibull fibers with the unit scale parameter, the varying number of filaments and the varying shape parameter. A database of these distribution functions has been used to calculate the mean values and standard deviations of the peak force to propose an improved Gaussian approximation of bundle strength.
INTRODUCTION
This paper deals with the classical fiber bundle model with equal load sharing, sometimes referred to as Daniels bundle model [1] or the democratic bundle [4] . This model is significant for the strength of fibrous materials and composites, and the generally random strength of quasibrittle structures. The model is also relevant for the analysis of the reliability of various parallel systems (computer components, infrastructure etc.). Daniels [1] formulated a multidimensional integral and also recursive formula for the evaluation of the strength distribution function in which strength is defined as the peak force per fiber. In the same paper, he showed that the distribution of the strength of the bundle, G n (x), tends to Gaussian distribution under quite broad conditions and he gave closed formulas for the mean value and standard deviation of the Gaussian distribution. Sornette [4] later confirmed this result using a Kolmogorov theorem. The convergence of a random strength to Gaussian distribution is very slow in terms of the number of fibers and therefore Smith [3] proposed a corrected term for the mean value that improves the original Daniels formula for small bundles. Even though the knowledge of the asymptotic form of G n for the number of fibers n → ∞ is important, the normality does not hold in the tails of the distribution and it also does not hold when there is a small number of parallel components in the system (fibers). The real cumulative distribution function (CDF), G n , strongly deviates from the normal distribution for values of x far from the mean strength. Only a little is known about the behavior of the tails. The left tail (x → 0) is of great importance for reliability considerations, however.
In the present paper, the authors describe an analysis of the recursive formula by Daniels and an improved [3] Gaussian approximation of the strength. The advantage of the recursive formula is that it provides exact values of the CDF G n for arbitrary values of x and for any number of fibers n. The authors describe a computer implementation carried out in the Python highlevel programming language [5] using the NumPy [7] (scientific computing with arrays) and the mpmath [6] (library for real and complex floating-point arithmetic with arbitrary precision) packages. This implementation enables the calculation of CDF values for large numbers (thousands) of fibers in a bundle including values deep in the left tail of the distribution (probabilities 10 −600 ). This computer program is used to accurately calculate the distribution functions G n for bundles with Weibull fibers with the scale parameter s = 1, the varying number of fibers n and the varying shape parameter m. The obtained results are stored in a newly created database and compared to the available formulas [1, 2, 3] . We have found that for small bundles (n between 2 and 100) the formulas are not accurate. Therefore, the authors propose an improved closed-form for the standard deviation.
The main motivation for this work is to formulate an improved analytical formula for the distribution function G n that will be valid deep within the left tail, where the real distribution strongly deviates from the Gaussian approximation. The present paper focuses on the second moment of the bundle strength.
BUNDLE STRENGTH
The cumulative distribution function, G n , of bundle strength formulated by Daniels [1] reads:
where x is a value of random strength per fiber, X, for which the probability
is the standard Binomial coefficient and n is the number of fibers. The most frequently selected distribution function for a single fiber, F (x), is Weibull distribution. With no loss of generality, let us assume the bundles contain independent Weibullian fibers (elements in parallel) so that the CDF of the strength of any single fiber is
where s is the scale parameter and m is the shape parameter.
ALGORITHM AND IMPLEMENTATION
The recursive definition in Eq. (1) can be translated directly into Python using a recursive function. However, this straightforward implementation passes through all levels of the recursive formula and requires a large number of function calls (2 n − 1). The most efficient formulation of the algorithm, which is also a computer implementation that was developed, follows; it does not contain any recursive functions. Let us divide Eq. (1) into three parts
At the highest level of recursion, formula (3) represents a summation over k = 1, . . . , n. Each of these addends calls for a recursion -an evaluation of the recursion function G n (x) with a new parameter n renamed here as n k = n − k. By analyzing all arguments of random strength, x, one can see that there are only n different values for which the distribution function of strength is evaluated, namely
The values of x are stored in an array named x arr. For each element of vector x, one must compute the distribution function of the strength of one fiber, F (x). Let us now define a vector, F , that contains the values of the basic CDF evaluated at points x i :
This vector is precalculated and cached in computer memory as an array named cdf arr at the beginning of computation. In later stages of computation, the elements of this vector are raised to integer powers k = 1, . . . , n. The next ingredient is a lower triangular matrix B, with n rows and n columns, pre-filled with binomial coefficients multiplied by the alternating sign. Each element of the triangular matrix initially reads
This matrix is stored in an array named gn arr. Once these two ingredients are calculated, the algorithm continues with the following two loops (the algorithm uses in-place operations and updates the values of the B matrix):
1. Loop over n columns of the B matrix -Starting with the first column k = 1, each column k = 1, . . . , n is multiplied by the kth power of elements
. . , n and i = k, .., n. After these two cycles are finished, the sum of n elements in the last row is the desired value of G n (x): Fig. 1 shows a diagram of the triangular array for the number of fibers n = 4; factors featured in Eq. 3 are highlighted. We note that the sums S i of any row correspond to the strength distribution function of fiber bundle with i fibers evaluated at load x n i :
The described algorithm was used to create a database for various numbers of filaments n and shape parameters m. Figure 2 shows the strengths of a bundle for shape parameter m = 6 and various numbers of fibers n. To plot the CDF of G n we used a Weibull plot (x-axis is ln(x), y-axis is ln(− ln(1 − G n (x)))) for better insight regarding the left tail of the distribution. Weibull distribution is displayed in this plot as a straight line (see the CDF of n = 1 in Fig. 2) . The database serves as data support to formulate an improved approximation of G n . In the following section it was used to formulate an improved approximation of the standard deviation of bundle strength.
To implement the described algorithm we have to import several required packages and set the number precision: 1 import numpy as np 2 import mpmath as mp 3 4 # set number of decimal places for multiprecision numbers MPF ZERO, MPF ONE,. . . are pre-converted values because repeated type conversions from floats, strings and integers are expensive. The precision used to evaluate G n (x) up to n = 1500 was set to 1000 decimal places (3325 bits). This value was found to be sufficient while considering demands on the execution time and requested accuracy. No tests of optimal precision have been performed yet.
The Binomial coefficients This array can be precalculated for greater n and stored in a file on a hard-disk. It is useful in the case that repeated calculations are necessary.
The following source code implements the described algorithm using the numpy and mpmath packages. We note that the above-described algorithm enables fast computation of the exact CDF of bundle strength for arbitrary probabilities. The importance of result is not only for bundle models of statistical strength of structures but also for reliability considerations of many engineering systems. Moreover, many systems and also strength of heterogeneous structures and composites can be modeled by the chain-of-bundles model. The strength if such systems is dictated by the weakest bundle in the chain and therefore, a correct representation of the left tail of the bundle CDF is extremely important.
IMPROVED APPROXIMATION OF THE STANDARD DEVIATION
The response of a single fiber with known breaking strength ξ can be written as
where e is the strain of the fiber and he symbol H(x) represents the Heaviside function yielding zero for x < 0 and one for x ≥ 0. We now consider that the number of parallel fibers in a bundle is very large and therefore we can calculate the average response of a given bundle as a function of the strain e as an average value of the above linear-brittle response. The breaking strain ξ is considered to be a random variable described by its probability density function (PDF) f ξ (e) (and CDF denoted as F ξ (e)). By definition of the mean value we can write that the average response of a fiber represents the mean response of a bundle with n → ∞ [8] :
The asymptotic strength is the peak value of this asymptotic response. The strength is a random variable. Its asymptotic mean value is obtained at a stationary point e maximizing the function in Eq. (8)
The asymptotic standard deviation of the strength can be calculated from the variance:
The asymptotic mean strength does not depend on n, while the standard deviation decreases in inverse proportion to √ n. Daniels derived this result in [1] and Smith later [3] refined the expression for the mean value in such a manner that the mean value depends on n. Figure 3 presents the derived mean values and standard deviations of bundle strength and compares them to our highly accurate solution obtained by using the calculated solutions for the bundle strength cumulative density G n . We will now focus on the standard deviation of random strength X. Daniels result [1] for the standard deviation of strength with Weibull fibers reads (consider the stationary point e = s · m −1/m ):
This formula is a power law, the graph of which, in logarithmic coordinates, is a straight line of slope −½. Our numerical results, however, suggest that for a low number of fibers, n, the standard deviation is lower then σ D (n). This is especially true for high values of the shape parameters, m, for which the standard deviation for n → 0 tends to a horizontal asymptote. Therefore, we suggest a modified formula for the standard deviation that has horizontal asymptote for n → 0 and tends to Daniels σ D (n) when n → ∞. A possible form complying with these two requirements is proposed as:
This formula has two fitting parameters: k and n 0 . The first parameter, k, is the left horizontal asymptote. The second parameter, n 0 has a meaning of the crossover size n, i.e. it is the horizontal coordinate of the intersection of the left horizontal asymptote and the large-size asymptote of slope −½. We, however, require that the two large-size asymptotes match:
Therefore, the pair of parameters k and n 0 is interconnected. The requirement is that the intersection of the horizontal asymptote with the large-size asymptote occurs at points k and n 0 :
We now use this solution in the proposed formula for σ fit to obtain an improved approximation for the standard deviation: In this formula, there is one fitting parameter n 0 . This parameter depends on the shape parameter m and was obtained by fitting the numerical results using the recursive formula. The m parameter was varied from 3 to 50 and the range for fiber bundle sizes n was considered as being from 1 to 1000. Using the least square method it was found that the dependence of n 0 on m is approximately linear (see Fig. 4 ): n 0 = 0.461m − 1.464.
Fig . 3 compares the exact solution for the standard deviation obtained from G n with the approximation proposed in Eq. (13). It is clear that the proposed approximation has excellent performance and, to a large extent, fixes the errors achieved by using the original Daniels solution, which is valid only for n → ∞.
CONCLUSIONS
The paper describes an algorithm and the implementation of a recursive formula for the evaluation of the cumulative distribution function of random bundle strength, G n (x). This implementation enables the calculation of G n (x) for thousands of fibers and small probabilities. An arbitrary probabilistic distribution of the random strength of fibers can be assumed.
The presented algorithm is being used to create a database of cumulative densities of bundle strengths for various Weibull strength distribution parameters for a single fiber m and various bundle sizes n. The database will serve as data support for newly formulated analytical approximate formulas for the CDF of Daniels bundle strength.
In this paper, the database was used to formulate the improved approximation of the standard deviation of bundle strength for small numbers of fibers.
